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Chapter 2

Exercises from Chapter 2

2.6.1 Determination of the polarization of a light wave

1. We can choose 0, = 0, §, = 6. The equation of the ellipse
x = cosf coswt y = sinf cos(wt — 9)

reads in Cartesian coordinates

x? cosd Y

2xy

2

. 9
- . + =sin“ ¢
cos2 0 sinf cosf = sin%6

The direction of the axes is obtained by looking for the eigenvectors of the matrix

1 cos 0
_ 29 ~ sinf cosf
A= C%So g sin 1 cos
sin @ cos 6 sin®

which make angles o and a + 7/2 with the z-axis, where « is given by
tan a = cos § tan 26

The vector product of the position 7 with the velocity ¥/, ¥ x ¥, is easily seen to be
I B .
X U= iwzsm%‘smé

so that the sense of rotation is given by the sign of the product sin 26 sin §.

2. The intensity at the entrance of the polarizer is
Iy = k (E§ cos® 0 + Ej sin® 0) = kE]
where k is a proportionality factor. At the exit of the polarizer it is
I = kE3cos® 0 = Iycos? 0
The reduction of the intensity allows us to determine |cos ).

3. The projection of the electric field on the polarizer axis is

E
= [cos B coswt + sin @ cos(wt — )]

V2

and the intensity is given by the time average
I' = kE§< cos? 0 cos? wt + sin?  cos®(wt — &) + 2sin 6 cos O cos wt cos(wt — 6)>

1 1
= 3 kEZ(1 + sin 26 cos §) = B Ip(1 + sin 26 cos 9)
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From the measurement of I’ we deduce cosd, which allows us to deduce § up to a sign. The remaining
ambiguities are lifted if one remarks that the ellipse is invariant under the transformations

0—0+m 60— 0

and
0 — —0 0 —o0+m

2.6.2 The (A, 1) polarizer

1. The components &; and £, are given by

E. = Eycos?f+E,sinfcoshe = |\2E, + A\u*E,y,
g, = &Eysinfcosfe + &, sin’*0 = N pu&, + |u*E,.

2. This operation amounts to projection on |®). In fact, if we choose to write the vectors |x) and |y) as

column vectors
|lz) = ! ly) = ;
x) = 0 ) Yy) = 1

Po = |O)(®] = (Az) + ply)) (A" (| + p*(y])

A2 Au*)
Po={ "
¢ < N |uf?

3. Since Py = |P)(®|, we clearly have Py |P) = |®) and Pg|P_ ) = 0, because

then the projector Py

is represented by the matrix

(PP L)y =—-A"p" +pu"A*=0

2.6.3 Circular polarization and the rotation operator

1. In complex notation the fields £, and &£, are written as

1 1 ; +i
— Eo, E, = —=Eyet'™/? = — F,,
where the (4) sign corresponds to right-handed circular polarization and the (=) to left-handed. The
proportionality factor Ey common to &, and &, defines the intensity of the light wave and plays no role
in describing the polarization, which is characterized by the normalized vectors

! i *i xr) —1
|R>:7§(I$>+lly>)7 IL) = \/§(| ) —ily))

Ex =

2. Let us compute [R’). We have

IRy = (cosf|x) + sinfly) — isinf|z) +icosb|y))

1
2
(7 ) +ie™ ) = e~ |R)

Sl -

and similarly |L') = exp(if)|L). The vectors |R’) and L') differ from |R) and L) by a phase factor only,
and they do not represent different physical states.

3. The projectors on the vectors |R) and |L) are given by

1 /1 —i 1/ 1 i
PD_§<1 1) PG_§<—11)



and X is
N=Pp-Po=( 2 !

This operator has the states |R) and |L) as its eigenvectors, and their respective eigenvalues are +1 and
—1:
Z[R) = [R), ZL) = —[L)

Thus exp(—if%)|R) = exp(—if)|R) and exp(—ifX)|L) = exp(if)|L)
4. From the form of ¥ in the {|z),|y)} basis we get at once ¥? = I, and thus

. —if 2 —if 3
0% _ gy 4 507, O
2! 3!
The series is easily summed with the result
. _( cosf —sinf
exp(—i03-) = < sinf  cos@ >

If we apply the operator exp(—ifX) to the vectors of the {|z), |y)} basis, we get the rotated vectors |6)
and |6, ), so that this operator represents a rotation by an angle 6 about the z axis.

2.6.4 An optimal strategy for Eve?

1. If Alice uses the |z) basis, the probability that Eve guesses correctly is p, = cos? ¢. If she uses the
the | £ 7/4) basis, this probability is

prja = (6] £ 7/)]? = 3 (cos -+ sin 6

The probability that Eve guesses correctly is

p(6) = 5 (pu+paya) =1 [26057 0+ (cos 6+ sin 6]
= %[2+cos2¢+sin2¢]

The maximum of p(¢) is given by ¢ = ¢g = 7/8, which is evident from symmetry considerations: the
maximum must be given by the bisector of the Ox and 7/4 axes. The maximum value is

1 1
max = = | 1+ —=) ~0.854
P 2( \/§>

2. If Alice sends a |#) (]61)) photon, Eve obtains the correct result with probability cos? 6 (sin®#), and
the probability that Bob receives the correct polarization is cos* @ (sin4 ). The probability of success for
Eve is

(1 + cos* 0 + sin? 9)

N | =

Ps =
and the probability of error
1
p, =1 —p, =sin®fcos?§ = 1 sin® 26
Eves’s error are maximal for 6 = /4.
Heisenberg inequalities

1. The commutator of A and B is of the form iC', where C is a Hermitian operator because

[A,B]l = [BT,A"] = [B, A] = —[A, B].
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We can then write
[A,B] =iC, c=cr. (2.1)

2. Let us define the Hermitian operators of zero expectation value (a priori specific to the state |¢)):
Ag=A—(A),I, By =B — (B),l.

Their commutator is also iC, [Ag, By] = iC, because (A), and (B), are numbers. The squared norm of
the vector

(Ao 4+ iABo)|¢),

where X is chosen to be real, must be positive:

(4o +IABo)A2 = [|Aol)]1* + iAo Bole) — ix(e|BoAo|) + A2||Bole)|?
= (A2)y — MC)y + 22(B2), > 0.

The second-degree polynomial in A must be positive for any A, which implies
(€)% — 4{A0)(BG)y < 0.

This demonstrates the Heisenberg inequality

(Ap4) (AyB) = S [(C)y| |- (2.2)

N | =

3. In a finite dimensional space, the trace of a commutator vanishes because Tr (AB) = Tr (BA), so that
the equality
[X, P]| =inl

cannot be realized in a finite dimensional space.



Chapter 3

Exercises from Chapter 3

3.5.1 Rotation operator for spin 1/2
1. We use 0,]0) = 1), 02 1) = [0), 0|0} = i[1), 0| 1) = —i[1), 02]0) = |0}, o2|1) = —[1) to obtain

. 0 ' 0
oulp) = €%/ sin 3 0) + e71%/2 cos 3 1)
- id/2 0 ia—i0/2 0
oyle)y = —ie sin 5 |0) + ie cos 5 1)
—ig/2 oo 0 igj2 o 0
oLlp) = e cos§|0>—e sm§|1>
so that
.0 0 i —ig .
(plozle) = sin 3 cos 5 (' +e7'?) =sinfcos ¢
.0 0 s g | s —ig . .
(ployle) = sin 5 cos 5 (—ie' +ie”'?) = sinfsin
0 0
(ploz|le) = cos? 3~ sin? 3= cosd

2. From (3.8) we derive the identity
(G-@)G-b)y=a-bl+id-(axDb)

so that
(@-p)? =1 (@-p)*=(G-p)---

and the series expansion of the exponential reads

0 . 0\ . .1 (=i0\? 1 /-0, . .
exp(—1§a-p> = I+(T>(Up)+§ (T) I+§ (T) (0p)+

Icosi—i(ﬁ-]ﬁ) sin§

The action of the operator exp (—if & - p/2) on the vector |0) is
0 0 ; 0
exp (—15 g- 13> |0) = cos 5 |0) + €'¢ sin 3 1)

which is the same as (3.4) up to a physically irrelevant phase factor exp(i¢/2). Thus exp (—i0 7 - p/2) is
the operator which rotates the vector |0), the eigenvector of o, with eigenvalue 1, on |¢), the eigenvectors
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of & - i with the same eigenvalue. The same result holds for the eigenvalue —1, corresponding to |1) and
the rotated vector U[R;(0)]]1).

3. Let us specialize the above results to the case ¢ = —m/2, which corresponds to rotations about the
r-axis

U[R.(0)] = exp (—ig Uw) = ( _izslf(éi)z) —615;1(19(%)2) )

A rotation about the z-axis transforms |0) into the vector
0 0
|p) = cos 3 |0) — isini [1)
Taking 6 = —wst, this corresponds exactly to (3.31) with the initial conditions a = 1,b = 0.

3.5.2 Rabi oscillations away from resonance

1. Substituting in the differential equation the exponential form of X(t), we get the second order equation
for Q4

1
2Qi—25ﬂi—§wf20

1 5] 1

2. The solution of the differential equation for A is a linear combination of exp(iQt) and exp(iQ_t)

whose solutions are

At) = a exp(iQ24t) + b exp(iQ_t).

Let us choose the initial conditions A(0) = 1, 4(0) = 0. Since /i(0) o dA/dt(0), these initial conditions
are equivalent to
a+b=1 and a)y —bQ2_ =0,

and so Q Q
- - h=—+
“TTo 0
The final result can be written as
. elot/2 o .
At) = o) QCOSE—lésmE ,
i : Ot
at) = %e*“;tﬂ sin -

which reduces to (3.31) when 6 = 0. The factor exp(£idt/2) arises because ¢ is the Larmor frequency in
the rotating reference frame. The second equation shows that if we start from the state |0) at ¢ = 0, the
probability of finding the spin in the state |1) at time ¢ is

w? Ot
Po—1(t) = Q_é sin” <7>

We see that the maximum probability of making a transition from the state |0) to the state |1) for
Ot/2 = 7/2 is given by a resonance curve of width 0:

2 2 2
“i w1 |

max __ — —

P= T2 Wi+ 82 Wit (w—wo)?




Chapter 4

Exercises from Chapter 4

Basis independence of the tensor product
The tensor product |ig ® jg) is given by
ia®jB) = RimSjnlma ®np)
Let us define [p4 ® xp)’ by using the {|ia), |jB)} bases
loa ®xB) = Zéidﬂm ® jB)
irj

= Z éiCszimSm|mA ®@ng)

ijm,n

We can now use the transformation law of the components in a change of basis
. —1 5 —1
&= Rile dj=> S;'d
k 1

to show that
loa @ xB) = Zcmdn|m/\ ®np) = |pa ®XB)

m,n

Thus the tensor product is independent of the choice of basis.

4.6.2 Properties of the state operator

1. Since the p; are real, p is clearly Hermitian. Furthermore Trp = )", p;, = 1, and finally p is positive as
(elole) = pyl(eli)]* > 0
i

Let us first compute Tr (M |i){(i|)

Te (M[i) (i) = Y (iIMIi)il7) = (il M]i)

J

whence
T (Z piM|z'><z'|> = > pililM)

The expectation value of M in the state |i) appears in the sum over i with the weight p;, as expected.
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2. In the |i) basis, p has a diagonal form with matrix elements p; = p;, so that p?> = p can only hold
if one of the probabilities is one, as the equation p? = p; has solutions p; = 1 and p;, = 0. Furthermore,
Trp? =3, p? and Y, p? < >, p;, where the equality holds if and only if one of the p; is equal to one.
Let us assume, for example, that p; = 1, p, = 0,7 # 1. Then p = |1)(1], which corresponds to the pure
state [1). One can also remark that p? = p implies that p is a projector P, and the rank of this projector
is one, because Tr P is the dimension of the subspace on which P projects.

4.6.3 The state operator for a qubit and the Bloch vector

The condition for a Hermitian 2 x 2 matrix is pg1 = pJg, so that

A c
P=\ et 1-a

is indeed the most general 2 x 2 Hermitian matrix with trace one. The eigenvalues A and A_ of p satisfy

A+ Ao =1, Ml =detp=a(l —a) —|c|?,
and we must have Ay > 0 and A_ > 0. The condition det p > 0 implies that A, and A_ have the same
sign, and the condition A + A_ = 1 implies that Ay A_ reaches its maximum for Ay A\ = 1/4, so that
finally

1
0<a(l—a)—|cf< 1
The necessary and sufficient condition for p to describe a pure state is

detp=a(l —a)—|c|* =0.

The coefficients a and ¢ for the state matrix describing the normalized state vector |¢) = A|+) + u|—)
with [A]2 + |u|? = 1 are
a=|\? c= '

so that a(1 — a) = |c|? in this case.

2. Since any 2 X 2 Hermitian matrix can be written as a linear combination of the unit matrix I and the
o; with reals coefficients, we can write the state matrix as

T Ly e N L[ 14b. by —ib,

where we have used Tro; = 0. The vector b, called the Bloch vector, must satisfy |62 < 1 owing to the
results of question 1, and a pure state corrresponds to |l;|2 = 1. Let us calculate the expectation value of
o using Tro;0; = 26;;. We find

(o) =Tr(po;) = b;

so that b is the expectation value (7).
3. With B parallel to Oz, the Hamiltonian reads
1

H= _570z
The evolution equation
_ dle(t))
h———==H
ih— lo)
translates into the following for the state matrix
dp(t
w20

dt
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so that q . .
p
— = —|H,p]| = —=yB(byo, — b0,
at ~ i Al = g vBlaoy —byou)
which is equivalent to
db db db
— = —yBb —2 = 4Bb, — =0
dt 120 at dt
This can be put in vector form
db Lo
— =—yBxb
a7

This equation shows that the Bloch vector rotates about the Oz axis with an angular frequency w = vB.

4.6.4 The SWAP operator

1. Let us write explicitly the action of o, et o, on the vectors |e1e2)

01202 ++) = [——) O1yo2y| ++) = —[— =)
02| +—=) = |—+4) Uly02y|+ =) =1-+)
01202 —+) = [+ —) O1yo2y —+) =+ -)
O1202:| — =) = |++) O1yo2y| — =) ==+ +)

Furthermore, 01,09, |e162) = £162]e1€2), whence the action of ¢4 - &2 on the basis vectors

g1 02l +4+) = |+4)
Giedal4-) = 2=+ [+ )
g1 - Ga| — +) 2/+-)—1-+4)
Gr-o2l——) = |—-)

Then one obtains immediately

1 L .
§(I+ Ga-0B)liajs) = ljaip)

4.6.5 The Schmidt purification theorem

Let us choose as a basis of Ha a set {|m4)} which diagonalizes the reduced state operator pa:

pa=Trglpap)(pas| = melmA (mal

If the number Ng of nonzero coefficients p,,, is smaller than the dimension N4 of H 4, we complete the
set {|ma)} by a set of (N4 — Ng) orthonormal vectors, chosen to be orthogonal to the space spanned by
the vectors |m4). We use (4.12) to compute pa from |[pap)

pA = Z<ﬁ3|ﬁ13>|m,4><n,4|

m,n
On comparing the two expressions of p4 we see that
<’ﬁB|’ﬁ’LB> - pm5mn7

and with our choice of basis {|m)} it turns out that the vectors {|mp)} are, after all, orthogonal. To
obtain an orthonormal basis, we only need to rescale the vectors |np)

ns) = p,'?|75),
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where we may assume that p,, > 0 because, as explained above, it is always possible to complete the
basis of Hp by a set of (Ng — Ng) orthonormal vectors. We finally obtain Schmidt’s decomposition of
|pap) on an orthonormal basis of H4 ® Hp:

lpan) = Z p,/?na ®np).

Any pure state |p4p) may be written in the preceding form, but the bases {|na)} and {|ng)} will of
course depend on the state under consideration. If some of the p,, are equal, then the decomposition
is not unique, as is the case for the spectral decomposition of a Hermitian operator with degenerate
eigenvalues. The reduced state operator pp is readily computed from (4.12) using the orthogonality
condition (ma|na) = dmn:

pp = Traloa)(wasl =Y p,lns)(nsl

4.6.6 A model for phase damping

The state matrix at time ¢ is ) i}
= (L0 B0
A @u®)  (u®F)
where (o) stands for an average over all the realizations of the random function. Clearly (|\(¢)|?) and
{|;1(t)]?) are time-independent, so that the populations are time-independent. However, the coherences
depend on time. Let us compute the average of \(¢)u*(t)

/\0u3<exp (i /0 tw(t’)dt’) >

t
Aottty exp (i {wo)t) exp <—% / Ct— t’)dt/dt”>
0

ABw" (@)

where we have used a standard property of Gaussian random functions. We thus obtain

1t
po1(t) = po1(t = 0) exp (i (wo)t) exp (—5/ C(t— t’)dt'dt”)
0
If we assume that ¢ > 7, then

t [e%e]
/ dt/dt"e It =t/ ~ 2t/ dte ™ ¥/™ = 2tr
0 0

and .
por(t) = por (t = 0)e o)t et

4.6.7 Amplitude damping channel
1 The evolution of |®) during At is

|®) = U|®) = A04 ®0p) + /1 —p[la ®0g) + puy/pP[la® 1E)
In order to obtain the state matrix of system A, we take the trace over the environment
Tep(UleN@|UT) = (AP +pluf*)]04)(0a] + A" y/T = p[04) (L]
+ A uy/T—p[1a)(0a] + (1= p)|pf?1a)(14]

or, in matrix from
2 *
1) _ At_<1—(1—P)|M| V1i—piu )
PUEAAD = T (- plaf?
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After n iterations we get

) — pnag) — (L7 @=p) (1= p) 2
P p( At) ( (1 _ p)"/2 N (1 B p)n|u|2 )

Using in the limit At — 0 the relation

lim (1 — DAg)/A = 7Tt
At—0

we get the expression given in the statement of the problem. We clearly have 71 = 1/T" and T> = 2/T, so
that Tg = 2T1.

2. If we detect no photons, we know that we have prepared the atom in the (unnormalized) state

AO0A) + py/1T—plla)

The failure to detect a photon has changed the state of the atom!

4.6.8 Invariance of the Bell states under rotation
We have

|[zazp) = (cosf|0a) —sinb|0a1))(cosb|0p) —sinb|0pL))
|yA:EB> e (Sin9|93>+C089|93L>)(Sin9|93>+C089|93L>)
and an explicit calculation immediately gives

9) = 5 (lwazp) + liays)) = = (0405) + 104105.1))
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Chapter 5

Exercises from chapter 5

5.10.1 Justification of the figures of Fig. 5.4

1. The upper circuit of Fig. 5.4 reads in matrix form
M - C 0 I 0 B 0 I 0 A 0
o 0o C 0 o, 0 B 0 o, 0 A
- CBA 0
- 0 Co,Bo, A

where the matrices have been written in block diagonal form with 2 x 2 matrices. Then we must find
three matrices, A, B and C' such that

CBA=1 Cop,Bo,A=U
Action of the cNOT gate
1 1
NOT | —(|00) 4+ |10))| = —(|00) + |11
NOT | 75100} + 110)| = 5 (100) + 1)

This is an entangled state (in fact it is one of the four Bell states).

-(51)

la> + Y = 1B +|6> =1 afB* + 40 =ay* + 66 =0

and start from the most general two-qubit state

2. Let us define the unitary matrix U by

with

W) = a|00) + b|01) + ¢[10) + d|11)
Assume we measure the control bit and find it in the |0) state. Then the state vector of the target bit is
|p0) = al0) +b[1)
If we find the control bit in state |1), then we apply U to the state |p) = ¢|0) + d|1)
Ulp) = |¢1) = (ac+~vd)|0) + (Be + 5d)|1)
On the other hand, if we apply the cU gate to |¥), the result is

cU|¥) al00) + b|01) + (ac + vd)[10) + (Bc + 6d)|11)

10 ® o) + |1 ® 1)

15
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3. Tt is clear that the vectors [000) and |001) are not modified by the lower circuit on the left of Fig. 5.4,
so that we may start from the vector

W) = a|010) + b011) + ¢[100) + d|101) + e[110) £|111)
We apply on |U) the first gate on the left, the coUs gate (with obvious notations)

coUs|¥) = |Uy) = (aa + 7b)|010) + (Ba + 6b)|011) + ¢[100)
+  d[101) + (ee +7/)[110) + (Be + 6f)[111)

where the matrix U is defined in the preceding question. The transformation law is thus

a—aa+vb b — [Ba+ b c—c
d—d e — ae+f f—Be+df

Let us give as an intermediate result of the calculation

|\IJ4> = (ClNOTQ)(CQUB)(ClNOTQ)(CQUg) |\I/>

We find
W,) = a|010) + b|011) + (a*c + F*d)|100)
+ (Y'e+6%d)|101) + (e + v f)|110) + (Be + 5 f)[111)
Finally
Ws) = ¢ Us|Wy) = al010) + b]011) 4 ¢[100) + d|101)

+  (Uhe+ Ui f)[110) + (Ugie + U f)[111)
where Ufj is a matrix element of of the matrix U2, for example
U121 =a® + By

This gives preciseley the action of the Toffoli gate Ty2. A non trivial action is obtained only if both
control bits 1 and 2 are in the |1) state

Ty2(|110) + [111)) = (Ufye + U f)[110) + (U e + Uz, f)[111)

5.10.2 The Deutsch-Jozsa algorithm
1. Before entering the box Uy, the two upper qubits are in the state

=(0) + |1>>%

(]00) +]01) + |10) + [11)) Z |z)

H®2|00) = (10) + 1))

I
Sl

N =

2. From the results of Sec. 5.5

3

Usl¥) = (Z f(w)|$>®%(|0>—ll>)

N)I)—l

so that, calling |¥’) the state of the two upper qubits

(i) flz) = cst )
[0y = i§(|00> + 101y 4+ |10) + |11))
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(i) f(z) =zmod 2 )
¥ = 5(/00) — |01) +[10) — [11))

3. Since H? = I, in case (i) we get
H®?|W') = 4(00)

while in case (ii) we may write

|9’) = %(I0> ® (10) = 1)) + (|0) — 1)) ® [1))
and )
H#2|W') = H®25 [(10) + [1)) @ (|0) — [1))] = [01)

The first qubit is in the state |0) and the second in the state |1). Note that the result of the final
measurement of the upper qubits is unambiguous only if |¥’) is a non entangled state, so that we must

have
(_1)f(0)+f(3) _ (_1)f(1)+f(2)

5.10.3 Grover algorithm and constructive interference
Let us first apply the oracle O on | )

N—

,_.

OV =

F@) |2y = Zaﬂx

Then we apply G = 2|U)(¥| — I using (¥|z) = 1/vVN

2 1
<N§ay> ) — \/—N;aw|x>
LZFZ ]|>— =3 alz)
\/NzNyay_%x_\/—Nx%x

0 _ 4

ﬂ\

z:O

GO\

This gives us the relation, with ay

2
1) 1 0 x 0
ag(v) = <§ (—1)f(”)ay> — (_1)f( )ac(ﬂ)

which leads to the recursion relation

n 2 n x n
alm ) = ~ <Z(_1)f(y)ay> — (=1)/@g(m

Y

If, for example, N = 16, then

(i) For x; # xo, al(-l) =3

(ii) For z; = xo, az(-l) =4
The probability (ii) for finding x¢ is greater than the probability (i) for finding x; by a factor 121/9 ~ 13.4.
A good check of the calculation is that the final sate vector is normalized to one: 15(3/4)% + (11/4)? = 1!

5.10.4 Example of finding y;
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The probability for finding y;, is given by (5.45) with, in our specific case, K =5, n =4 and r = 3

oy LS 1 sin(1558,/16)
PWIl = onk sin®(nd;r/27) 80 sin®(374;/16)

The possible values of j are j =0, j =1, j = 2 and j = 3. To the first value corresponds y; = 0 and
d; = 0. To the second one corresponds y; = 5 with |0,;] = .33 and to the third one y; = 11 with |§;| = .33,
while there is no y; with |0;] < 1/2 for the last one. We obtain for the probabilities

p(0) = — p(1) = p(2) = .225
so that
p(0) + p(1) +p(2) = 0.76 > 0.4

Assume, for example, that the measurement of the final qubits gives y; = 11. Then we deduce that j = 2
and r = 3.
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Exercises from chapter 6

6.5.1 Off-resonance Rabi oscillations

From exercise 3.5.1, we kow that exp(—if(& - p)/2) is the rotation operator by 6 of a spin 1/2 about an
axis p. The vector 7 being normalized (722 = 1), we have

~ Ot Ot
exp(—iHt/h) = I cos -5 = i(¢ - ) sin >
with
S
g-n q 0ctqos
so that the matrix form of exp(—iHt/h) is
coth—i-é Y WL Ot
. — + —sin — i— sin—
—iHt/h _
e N = ,%;1 \,QQt 2 CO\Q? 53 o
i sin— 55— qsing

6.5.2 Commutation relations between the ¢ and af

1. The commutator of a and a is, from the definition (6.26)

Muw, ip, ip,
Hoo_ _
la, '] on |7 Mw T M.
Mw, —2i
e z :I
oh Ma. [2:p2]

2. To compute the commutator [a', a], we use the identity
[AB,C] = A[B,C| 4+ [A,C]|B

and we find
[a'a,a] = a'[a,a] + [a', ala = —a

6.5.2 Quantum computing with trapped ions

1. We write the interaction Hamiltonian in terms of o4 and o_

1 . )
Hiyy = —5 ﬁw1[0+ + 0'7] el(“’t*k»z*@ 4 e*l(wtszfgb)

19
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and go to the interaction picture using (6.5)

eiHot/ﬁ ot e—iHUt/h — e:Fint oL
In the rotating wave approximation, we can neglect terms which behave as exp[+i(wp + w)t] and we are
left with

Hyy ~ _7_; Wy [0+ 0i(61=0) o=ikZ | o —i(5t—=9) gikZ

2. Az = \/h/(2Mw,) is the spread of the wave function in the harmonic well. Thus, n = kAz is the
ratio of this spread to the wavelength of the laser light. We may write

h

kz=k
i 2Mw.,

(a+a") =n(a+al)

The matrix element of Hi,, between the states |1,m +m’) and [0, m) is
- 1 . .
<17 m+ m/|Hint|m> _ _5 hwlel(tit—@ <m + m/|e—m(a+aT)|m>
The Rabi frequency for oscillations between the two levels is

W = w(m 4 e D )|

Wi

Wy wo

|0,2)

0.1)
LR v

Figure 6.1: The level scheme. The transitions which are used are (0,0) < (0,1) and (0,1) < (1.2):
bluesideband, w4 = wp + w; and (0,1) < (1,1): red sideband, w_ = wy — w.

3. Writing
efinata’) o 14 in(a+a')

and keeping terms to first order in 1 we get

Hiy = 57777/4}1 [0_,_ ae‘(‘s_‘%)t e~ _ 45 aTe—l(é—wz)t R

+ oy atel@Gtwte—io _ 5 ae—i(6+w2)tei¢}
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The first line of flim corresponds to a resonance at § = w — wy = w,, that is, w = wy + w,, a blue side
band, and the second line to a resonance at w = wy — w,, that is, a red sideband. The oa term of the
blue sideband induces transitions from [0,m + 1) to |1,m), and the o_a' term from |1,m) to [0, m + 1).
Now

(mla|m + 1) = (m + 1|a’|m) = vVm + 1

so that we get ﬁ;t as written in the statement of the problem with

a CLT

af -
m—+1 m—+1

ap =

The Rabi frequency is then wjv/m + 1. The same reasoning may be applied to the red sideband.
4. The rotation operators R(6, ¢) are given by

0 0
R(#,9=0) = Icos 5 io, sin 3
0 0
R(G,d):g) = Icosi—iaysing
so that -
R(7,0) = —io, R(w, 5) = —iogy,

We have, for example,

R(ﬂ', g)R(B, O)R(w, g) = (—ioy) <Icos§ — iog sin g) (—ioy)

- (Icosg — o, sing) = —R(-4,0)

Let us call A the transition |0,0) < [1,1) and B the transition |0,1) < |1,2). The Rabi frequencies
are linked by wp = V2wa. Thus, if the rotation angle is 04 for transition A, it will be 5 = V280, for
transition B. For transition A, we choose @ = 7/v/2 and =7

T om T
R(ﬁ, §)R(W,O)R(ﬁ, §)R(7r,0) —
For transition B we shall have a = 7 and § = ™2
T T
R(w, E)R(m/i O)R(w, E)R(m/i 0)=—1I

The state |1, 0) is not affected because the transition |0,0) < |1,0) does not resonate on the blue sideband
frequency. Thus we have

00) & —[0,0)  [0,1) > —[0,1)  [1,0) < +[1,0) [1,1) & —|1,1)
5. R(j:w,w/2) — Fio, so that

R(iw,g)|0,1):$|1,0> R(iw,g)|1,0):j:|0,1>
Let us start from the general two ion state, where both ions are in the vibrational ground state

[@) (a]00) 4+ 0|01) + ¢|10) + d|11)) ® |0)

= al00,0) + b|01,0) + ¢|10,0) + d|11,0)

The action of R~()(—x,7/2) on ion 2 gives

|0y = R=®) (=7, 7/2)|¥) = a|00,0) + /00, 1) + |10, 0) + d|10,1)
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)

Then we apply R;rél on ion 1

[0y = RL{V|9') = —a]00,0) — bJ00, 1) + ¢[10,0) — d|10,1)
and finally R~®) (7, 7/2) on ion 2

|9y = R~ (z,7/2)[0") = —a|00,0) — b|01,0) + ¢[10,0) — d|11,0)
= (—al00) — bJ01) + ¢[10) — d|11)) ® |0)

This is the result of applying a cZ gate, within trivial phase factors.

6.5.4 Vibrational modes of two ions in a trap

Setting z1 = z9 + u, 20 = —z¢ + v and expanding to second order in powers of u and v we get

1 2 (9,2 2,2, € u—v  (u—v)?
V:Esz@zO—i—on(u—v)—i—u +U)+Z_0 1- 57 + 122

with e? = ¢?/(4meg). The equilibrium condition is given by the condition that the terms linear in u and

v vanish

e?

Mw2zo - —s =
z 222

- 11/31 e 1/3
=2 ~ 2

The normal modes are obtained by examining the terms quadratic in « and v, which lead to a potential
energy

so that

1 2
Ulu,v) = = Mw? (u® +v°) + 6—3(u —v)?
2 4z
The equations of motion are
2
Mi, = —Mw?u— 8—3(u —v) = —Mw?(2u —v)
2z
2
My = —Mw?v— 6—3(1) —u) = —Mw?(2v — u)
2z

The center of mass mode (u + v)/2 oscillates at frequency w,
(it + ) = —w?(u +v)
while the breathing mode (u — v) oscillates with frequency /3w,

(it — ¥) = —3w?(u —v)

6.5.5 Meissner effect and flux quantization

1. We start from the expression (6.43) of the electromagnetic current
om = 2 (S07) — L A(7)) p(7)
m h
Let us take the curl of the preceding equation, assuming p(7) to be constant

¢ 5
V % Jom = —L pB
m
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From the Maxwell equation VxB= 1oJem We also have
~V2B = 1oV X Jom
and comparing the two equations we obtain
1

Vzé::qz—pgz—zé A= — =
m A2 Hoq®p  2podep

m Me

Taking a one-dimensional geometry, where the region z > 0 is superconducting, we see that the magnetic
field must decrease as
B(z) = B(z = 0)e*/*

From V x B = 140Jem, We see that the electromagnetic current must also vanish in the bulk of a super-
conductor.

2. Let us take a ring geometry and draw a contour C well inside the ring. Then we have
- h L L g2 Lo
O:fjcm-dzz—qj{w-dz—ﬂ A-dl
c m.Jjco m Jco

Since exp(if) is single valued, we must have § — 6 4+ 27n after a full turn, and

h 2 L
—q(2m):ﬂ//3-ds n=--,-1,0,1,2,-
m m

6.5.6 Josephson current
Let us start from (6.45) and write _

i = pie” i=1,2
The first of the equations (6.45) becomes

ih dp1 B d6‘1

1 i0
5 P =5 qVp1 + Ky/pipz2e

with 6 = 62 — 6;. Taking the real and imaginary parts of this equation and the corresponding equation
for i = 2, we obtain

d 2K .

% = 5 (p1p2)"/? sin®,

d 2K .

% = (p1p2)*/?sind,

% - _E» v cosf — 4cV
a7 \n ST
o, K (p\"? gV
@ _ A (A )

dt h ( p2> AT

and subtracting the last but one equation from the last one

o q.V
dt  h

6.5.7 Charge qubits

From the relation

27 d9 27 de )
e _ Y a—i(n—m)0 _
/0 5 (n|0)(8lm) /0 5 e Onm
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we derive )
T do
| Sl -1
0 ™
Furthermore
. o .
o —inf _ —inf
N|9)—;ne |n>_189 <;e |n)>
so that 9
N=1i—
"0
We can also use the commutation relation
[N,0] =il

to obtain ' '
cONe®=N-i®,N =N-1I

and to derive . . _
N (e‘®|n)) = e‘e(N —Dn)y=(n-1) (e‘@|n>)

We may then choose the phases of the states |n) such that
e®ln) = In— 1) e n) = |n+1)

and thus

cosOn) ==(In—1)+|n+1))

N =

2. In the vicinity of ny = 1/2, the Hamiltonian becomes

H =~ %ECIJFEC (ng - %) |0)(0| — E, (ng - %) [1)(1] — %EJ(|0><1| + |1)(0])

In the {]0),|1)} basis, this can be written, omitting the (irrelevant) constant term

N 1 1
H_Ec (ng—i)oz—iEJam

If ng is far enough from 1/2, the eigenvectors of H are approximately the vectors |0) and 1), due to the
condition E. > E;. When n, comes close to 1/2, tunneling becomes important, and at n, = 1/2, the
eigenvectors are those |+) of o, with eigenvalues +F;

L
V2

One observes the standard phenomenon of level repulsion around n, = 1/2. It is usual to exchange the
x and z bases, so that the control parameter appears as the coefficient of o,

|+) (10) + 1)) ozl ) = £[+)

. 1
H~ — EJaz—i—Ec(ng——)am

1
2 2
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Exercises from Chapter 7

7.5.1 Superdense coding

1. From the identities
0:l0) = 1) ou[1)=10) o.[0)=1[0) o.f1)=—1)

we immediately get

Ag|V) = |¥)

A W) = %(|0A®OB>—|1A®1B>)
Aol¥) = (114 ©05) + 104 @ 15))
Anlv) = %(|1A®OB>—|0A®1B>)

Let us first examine the action of the cNOT-gate on the four states A;;|¥)

cNOT[Ago|T)] = %(IOM +114)) ®105)
cNOT[Ap |I)] = %(IOM —[14)) ®[05)
cNOT[A1p|W)] = %(IOM +114)) ®[15)
cNOT[A1]W)] = —%(IOM —[14)) ® |15)

The measurement of qubit B has the result |05) for i = 0 (Ao and Agy) and |15) for i = 1 (A1 and
A11), so that this measurement gives the value of i. Furthermore

1

HEOOA)""HA)) = [0a4)
B (00 = 1) = L)

and the measurement of qubit A gives the value of j.

7.5.2 Shannnon entropy versus von Neumann entropy

25
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The state matrix p is given by

_ p+ (1—p)cos?0/2 (1—p)sinf/2 cosh/2
p= < (1 —p)sinf/2 cosf/2 (1 —p)sin®6/2 )

and its eigenvalues are

1

Ae =5 (1:&\/1—4p(1—p)sin29/2> :%(ux)

This allows us to write the von Neumann entropy as (it is convenient to use In rather than log)

1+x 1+x 1—=x 1—=x
—H,n = 1 1
NEy Tyt Ty

Let us compute the z-derivative of Hyn

d 1,1
_EHVN(I) b In J—z = tanh ™' (z)
Thus Hyx(z) is a concave function of z which has a maximum at z = 0: Hyn(x = 0) = In2. For this
value of x, we have Hyx = Hgy. Let us write p = (1 +Pp)/2, so that

1+p, 1+p 1—-p. 1—-p
;pln +p+ pln P

H =
sh 2 2 2

and

T = \/1 — (1 —-p)2sin%0/2
Now we have the inequality

pP—a2?=—(1-p%)cos?6/2<0
Thus |z| > p and Hgy > Hyn.

7.5.3 Information gain of Eve
1. Alice uses the bases {|0),]1)} and {|+),|—)}, while Eve uses the basis {|0),|1)}. The conditional
probabilities p(r|i) are
p(0j0) =1 p(110)=0 p(0[1)=0 p(1]1)=1
and
p(Ol+) =1/2  p(ll+)=1/2 p(0[-)=1/2 p(l]-)=1/2
We obtain p(r) from
N 1
p(r) =Y _p(rli)p(i) = 5 r
Let us now turn to the conditional probabilities p(i||r) (we use a double vertical bar to underline the
difference with p(r|7))

p(illr) = 7[)(:)'2[;@ = %p(r|i)
We find
o) = = p(10)=0 0) = 1 0) = 1
p00) = & PO =0 P+ =1 p(-]0)=1
p(10) = 0 (I =5 p(HIN=7 el =7

Before Eve’s measurement, the (Shannon) entropy is H(«) = 2, after Eve’s measurement, the entropy
H(ale) is, from (7.10)

H(ale) = =Y p(r) > p(illr)logp(illr)

i

1.1 1. 1\ 3
= Clog--2(-lgs)=2
2 %83 (4 °g4> 2
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The information gain of Eve is
I{la:e)=H(a) — H(ale) = =

2. Eve uses a {| + 7/8),| — 7/8)} basis, so that p(r|i) is given by
p(O11) = p(O[+) =854 p(110) = p(1]-) = 0.146
p(ll1) = p(l[+) =146 p(1]1) = p(1]-) = 0.854
We then compute p(i||r)
p(0]0) = p(+[|0) = 0.427 p(1]|0) = p(-|0) = .073

and

H(ale) ==Y p(r) > p(illr)log p(i||r) = 1.600

so that the information gain is now
I(a: €) = 0.400

7.5.4 Symmetry of the fidelity

Let us take p = |U)(¥|, a pure state, and write o as
o= p,la)
[e3

Observing that p'/? = |W)(¥|, we obtain

ptPapt/? = W) (T|(V]o|T)

from which it follows that
F(p,o) = (¥|o|¥)

Let us now take o = |¥)(¥| and use the diagonal form of p
p=> pili)i

Since o = |¥)(V| is a rank one operator, the same is true for (p
in a space of dimension NV

1/26p1/2) whose eigenvalue equation is,

AN~ Te(p2apt2) A1 =

whence
A="Tr(p"?0p"?)

is the only non zero eigenvalue. Let us decompose |¥) on the {|i)} basis

)= eili

i

and write the matrix p'/20p'/? in this basis

(p*20p'?)i = \/Pep; cic’

Tr (p'/?0p'/?) Zpllczl (T[p|T) = A

From this we deduce

and 5
(T VoI Pap ) = A = (Wlpl®) = F(o,p)
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7.5.5 Quantum error correcting code

From X|+) = £|+), we obtain, for example

XaXplWa) = XaXpA|—++)+pl+—=))=—|Va)
XaXc|Va) = XaXcA[=++)+p[+—=))=—[P4)
Let us also check
cNOTpcNOTe(Ha ® Hp ® He)|[¥e) = cNOTpeNOTE(A001) + p]110))

Al001) + p|101)) = (A|0) + p[1)) ©[01)



